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1. The theory of quasi-bounded functions of Parreau (see below and 
Section 2 for definitions and main results) is very elegant in its simplicity and 
very efficient in solving certain problems. In this paper we use this theory to 
obtain a general result, Theorem 1, on how one can obtain potentials (super- 
harmonic functions whose greatest harmonic minorant is zero) via well- 
known harmonic functions. Our contribution to the theory itself is Lemma 1 
H
quasi-boundedness. 
Throughout this paper the meaning of each of the symbols R, n, 3, N-lim, 
p.p., Q, k, W, D, f, +, d, A-lim will not be altered. In this section we explain 
each symbol in the order given above while we give the background to 
Theorem 1 and expound our main resultHs. 
By R” we denote the euclidean space of dimension n > 2. Given a set 
E in Rn, aE denotes the finite boundary of E. By “N-1im” we mean the 
limit along the normal (to a surface) and by “p.p.” we understand “except 
on a set of surface-area measure zero.” (We use throughout a 3-dimensional 
vocabulary although we include the cases n = 2, of the plane, and n > 4.) 
In [8, p. 2591, Nualtaranee proved 
THEOREM A. If II is positive and superharmonic in the half-space 
Q = R”-l x IO, co[ and N-lim u = 0 p.p. on a.Q, then the function uk is a 
potentiaE in Sr for all k E IO, 1[. 
As pointed out by Nualtaranee, the normal limit hypothesis cannot be 
weakened. In [2, p. 2651 Brawn proved 
THEOREM B. If u is positive and superharmonic in the strip w = 
Rn-l x IO, l[ and lim u = 0 on &o, then uk is a potential in w. 
Both results are proved by using properties of certain classes of sub- 
harmonic functions in Sz and w respectively. (The difficult expression of the 
Poisson kernel for the strip w seems to be the reason of the strong limit 
hypothesis in Theorem B.) Our Theorem 1 includes both results under the 
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hypothesis N-lim u = 0 p.p. and does not require the theories and kernels 
of the domains concerned. In fact Theorem 1 will be deduced from the case 
of the domain D described below. 
By D we denote a bounded domain in Rn whose boundary consists of a 
finite number of disjoint surfaces of bounded curvature; a surface of bounded 
curvature is a connected, locally Vr surface every point of which is the point of 
tangency of two closed balls of a given fixed radius, having their interiors in D 
and Rn\D, respectively [lo]. Thus D may be a ball, an annulus, or a circular 
cylinder flanked by two half-balls of same radius. For further details the reader 
may consult [7]. 
We now introduce two functions which will replace X~(X 3 0). By f we 
denote a concave bijection of [0, CO[ onto itself. (This implies that f(0) = 0, 
f is strictly increasing and continuous, and f (x) + co as x -+ 00 so that f can 
be extended continuously to co by setting f (oo) = co.) As examples we give 
f(x) = x, x/log(e + x), x7’, log(1 + x). 
By C$ we denote a concave bijection of [0, c.o[ onto itself such that $(X)/X --+ 0 
as x + co. As examples we have $(x) = x/log(e + x), xh-, log( 1 + x). 
THEOREM 1. Let A be any one of the domains D, .Q and w. Suppose that u 
is nonnegative and superharmonic in A and 
N-lim u = 0 
Then 4(u) is a potentia2 in A. 
p.p. on aA. (1) 
In Section 4 we start by proving that Theorem 1 follows from the next 
theorem. Using Parreau [9, p. 1651 (th e reader may also consult [5, l] for 
further details and generalizations) we say that the function h: U + R is 
quasi-bounded in U if h is the limit of an increasing sequence of nonnegative 
bounded harmonic functions in U, U being a domain in R”. A function 
g: U - R is singular in U if g is nonnegative and harmonic and if 0 is the only 
nonnegative bounded harmonic minorant of g. 
THEOREM 2. Suppose that g is nonnegative and harmonic in A, and 
N-limg = 0 p.p. on aA. (2) 
Then g is singular in A. 
In Section 5 we show that Theorem 2 is equivalent to 
THEOREM 3. Suppose that h is nonnegative, bounded, and harmonic in A 
and 
N-lim h = 0 p.p. on aA. 
Then h =Z 0. 
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Note that, by definition, Theorem 3 is valid more generally with “quasi- 
bounded” replacing “bounded.” Note also that the reduction of Theorem 1 
to Theorem 3 is obtained (cf. Sections 3 and 4) thanks to Parreau’s theory. 
Theorem 3 itself follows immediately from a result of de la Vallee Poussin 
(cf. Sect. 6) when A = D. In Section 8 we prove the hardest case of Theorem 
3, namely d = w. The case A = Q, of the half-space, is certainly known 
(Lelong-Ferrand [6]); here we avoid the half-space theory and kernels, and 
prove Theorem 2 (hence Theorem 3) via the Kelvin transform of the ball (in 
Section 7). The preservation of singular or quasi-bounded functions under 
Kelvin transform is neither obvious nor always true (see Section 3). We have 
LEMMA 1. Let U and V be domains in R”, each being the inverse of the other 
under an inversion centred at the origin 0. Suppose that there exist r > 0, 
p > 0 such that each of the sets U n B(0, r), V n B(0, p) is either empty or 
Dirichlet regular. Then the Kelvin transform of a quasi-bounded (resp. singular) 
function in U is quasi-bounded (resp. singular) in V. 
In Sect. 2 we remind those properties of quasi-bounded and singular 
functions which will be used here. Lemma 1 and two more new results on 
quasi-bounded functions are proved in Section 3. 
The converse of Theorem 2 is 
THEOREM 4. If g is singular in A, then 
A-limg = 0 p.p. on 20, 
where “A-1im” denotes any angular (Stolz) limit. 
Theorem 4 (proved in Section 9) again follows from a result of de la VallCe 
Poussin when A = D. A partial converse of Theorem 1 in the harmonic case 
and with the function f is 
THEOREM 5. If h is nonnegative and harmonic in A and if, for a concave 
bijection f of [0, co[ onto itself, the function f (h) is a potential in A then 
A-lim h = 0 P.P* on 2A. 
Theorem 5 is proved in Section 10. In Section 11 we use the properties of 
quasi-bounded functions to prove another theorem of Brawn. 
We close this section by pointing out that, while the A = D cases can be 
deduced from the ball cases, the strip cases require a separate technique 
which can be used to obtain Theorems l-5 for domains bounded by parallel 
or perpendicular planes: such are half-strips (e.g., the set given by x,-~ > 0, 
0 < x, < 1) and octants (e.g., the set in R3 given by x > 0, y > 0, z :> 0). 
We leave these generalizations to the reader. 
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2. In this section we give some definitions and results on quasi- 
bounded and singular functions. In the subsequent sections we shall refer to 
them as (Section 2, (i)), (Section 2, (ii)),... We work in a domain U in R”. 
(i) If h is the limit of an increasing sequence of quasi-bounded func- 
tions and if h f 00 at least once in U then h is quasi-bounded in U. 
(ii) Suppose that h, g are harmonic and 0 6 h < g in U. If g is quasi- 
bounded (resp. singular) in U, then so is h. 
(iii) If a function is quasi-bounded as well as singular in U then it is 
identically zero. 
Given h nonnegative and harmonic in U, the quasi-bounded component and 
the singular component of h in U are given by 
h, = sup g, a = {g: g bounded, harmonic, 0 < g < h in U}, 
12, = h - h, . 
(iv) Given h nonnegative and harmonic in U, the three statements 
“h is singular, ” “hs = 0,” and “min(h, 1) is a potential” are equivalent. 
As an application of this last equivalence we have an example. 
(v) The fundamental superharmonic function is singular in the set 
where it is positive and real (i.e., in((x,y):O<X2+y2 < l} when n=2 
and in R”\{O} when n > 3). 
(vi) Every nonnegative harmonic function h has a unique decomposi- 
tion as a sum u + v, where u is quasi-bounded and ZI is singular. (Hence 
u = h, , v = h, .) 
(vii) If h is nonnegative harmonic and, for a function 4, +-l(h) has a 
harmonic majorant in U then h is quasi-bounded in U. 
All these results can be found in Parreau [9]; a simple proof of the last 
result is in Heins’ book [5, p. 181. 
3. Here we prove our Lemma 1 and two more results on quasi- 
bounded functions. 
First note that Lemma 1 is not valid without the restrictions on U and V. 
For instance, in U = R3\{0), the function identically equal to 1 is bounded, 
hence quasi-bounded, but its Kelvin transform is singular by (Section 2, (v)). 
Note that no U n B(0, Y) is Dirichlet regular. 
Next note that the preservation of singular functions follows from that of 
quasi-bounded functions. In fact suppose that the Kelvin transform preserves 
quasi-bounded functions and take a singular function, h, say, in U and let g 
be its Kelvin transform in V. By (Section 2, (vi)), g = g, + g2 where g, is 
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quasi-bounded and g, is singular. By the inverse Kelvin transform (and since 
U has the same hypotheses as V) g, gives a quasi-bounded h, < h. By 
(Section 2, (ii)) h, is also singular, hence by (Section 2, (iii)) h, = 0 and so is g, . 
Let now h be a quasi-bounded function in U, i.e., h = sup h, where (h,) 
is an increasing sequence of nonnegative, bounded (h,,, bounded by constant 
c say) harmonic functions in U. In V the Kelvin transforms of h and h, 
a:e’ respectively g and g, given by 
g(Q) = ((g-2 ! gm(Q) = $@ (Q E Vh 
where P is the point (in U) collinear with 0 and Q such that $. 02 = 1 
(we took the radius of inversion as 1). Clearly the sequence (gm) increases 
and tends to g as m -+ 03. By (Section 2, (i)) it remains to show that each g, 
is quasi-bounded in V. Since each g, is nonnegative harmonic and for all 
QEV 
g,(Q) G G,@Q>~-” = w,YQ>, say, 
the quasi-boundedness of g, in V will follow from that of #. When n = 2, 
4 is identically equal to 1 and hence quasi-bounded; when n 3 3, # is the 
fundamental superharmonic function and hence, to complete the proof of 
Lemma 1, it remains to prove 
LEMMA 2. Suppose that V is a domain in R” with v 3 3, 0 $ V and there 
exists p > 0 such that V CI B(0, p) is either empty OY Dirichlet regular. Then $ 
is quasi-bounded in V. 
(Note that the hypothesis 0 $ V is implicit in Lemma 1 since the inverse 
of V, namely U, is supposed to be in R”.) 
The case where V n B(0, p) is empty (for some p > 0) follows from the 
boundedness of $ in V. Suppose now that, for some p which we may take to 
be 1, V n B(0, 1) is a nonempty Dirichlet regular set which we simply 
call E. 
Let #,,, be the superharmonic function in R given by 
& = min(#, m) (m = 1,2,...) 
and let H, be the solution in E of the Dirichlet problem with #, as the (real- 
valued continuous) boundary function on aE. Since E is Dirichlet regular, 
H, tends to I&,, on aE, and since 1 < #m < m on aE we have 
1 < fL(P) < m (P E E). (3) 
Let urn be the real-valued continuous function in V equal to H,,, in E and 
to 1 in V\E. The function u, is subharmonic in V (since it is harmonic in 
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V\aE and the mean-value inequality at points of V n aE follows from (3)). 
Note also that u, < m in V. 
Since the sequence ($nz) increases with m and tends to 4 as m + co, the 
limit of H, as m --f 00 is the solution H of the Dirichlet problem in E with # 
as the boundary function [4, Chap. 8, Sect. 21. Since E is regular, H coincides 
with the greatest harmonic minorant of # in E (theorem of Frostman; see, e.g., 
[4, Chap. 9, Sect. 61) and hence 
H(P) = 2~ H,(P) = s”,p fL(P) = #(P) (P E E). (4) 
It follows that, for all positive integers m and everywhere in V, 
urn < max(#, 1) < 1c, $ 1. 
Let h, be the least harmonic majorant of u, in V. Clearly (h,) is an 
increasing sequence of nonnegative, bounded (since h, < m) harmonic 
functions in V. The limit h of h, as m -+ co is real-valued (since, e.g., 
h < # + 1) and hence is quasi-bounded. Finally, using (4) and the inequality 
# < 1 valid in V\E, we obtain (everywhere in V) 
0 < t’, < lim u, < lim h, = h, 
nz*co m+m 
and the quasi-boundedness of I/ in V follows by (Section 2, (ii)). 
We end this section by giving a lemma which will be used in Section 11. 
LEMMA 3. Suppose that 0 < s < h in a domain U of R”, where s is 
subharmonic and h is quasi-bounded. Then s is the limit of an increasing sequence 
(snz) of nonnegative bounded subharmonic functions in U. 
In fact the function h is the limit of an increasing sequence (h,J of non- 
negative bounded harmonic functions in U and the sequence (sm) can be 
taken with s, = (h, - h + s)+. Clearly s,~ is nonnegative, subharmonic, and 
increases with m. To see that each s, is bounded, note that h, - h + s < h, 
and hence s, < h,+ = h, in U. 
4. In this section we prove that Theorem 2 implies Theorem 1. Let 
u be nonnegative and superharmonic in d and satisfy the condition (1). The 
function 4(u) is superharmonic in d (the mean-value inequality follows from 
the one for u by using Jensen’s inequality applied to the convex function 
4-l). Let h be the greatest harmonic minorant of 4(u) in A. Then 
0 < $-l(h) < u in A and since +-l(h) is subharmonic we obtain 
0 <$-l(h) < H < u, 
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where H denotes the greatest harmonic minorant of u in d. The hypotheses 
of (Section 2, (vii)) are satisfied (with Has harmonic majorant) and hence h is 
quasi-bounded in d. Also, since 0 < h < $(u) and $(x) -+ 0 as x --+ 0, h 
satisfies the hypotheses of Theorem 2 and hence h is singular in d. By 
(Section 2, (iii)) we get h = 0, as required. 
5. Here we prove the equivalence of Theorems 2 and 3. Theorem 2 
implies Theorem 3 via (Section 2, (iii)) since h, bounded (hence quasi- 
bounded) and singular in d, is identically zero. 
To obtain Theorem 2 from Theorem 3 we take a nonnegative harmonic 
function g which satisfies the condition (2). By (Section 2, (iv)) it remains to 
show that g, = 0. Since g, is the supremum of all nonnegative, bounded 
harmonic functions h which minorise g, we note that all such h satisfy the 
hypotheses of Theorem 3 and hence are identically zero. Thus g, = 0, as 
required. 
6. In the case where d = D Theorem 3 (and hence Theorems 2 
and 1) follows from a theorem of de la VallCe Poussin [lo, pp. 186, 1961 
which we quote in some generality since it is also needed in Section 9. 
THEOREM C. Let h be nonnegative and harmonic in D. Then h = u + v 
with 
W = ja, P(P, Q)h(Q) ds(Q), v(P) = 6, PP, 8) 4(Q) (P E D), 
A-lim h = A-lim u = h p.p. on aD, 
where p is a positive integrable kernel, s is the surface-area measure and p is a 
nonnegative measure which vanishes if h is bounded. 
It is now clear that Theorem 3 with d = D follows from Theorem C since 
the function h of Theorem 3 has h = 0 hence u = 0, and also v = 0 since 
p = 0. 
7. Here we deduce Theorem 2 (hence Theorems 3 and 1) in the 
case d = Q from Theorem 2 with d being a ball, more precisely the ball 
B* = B((0 ,..., 0, - t), 4). 
Let g be nonnegative and harmonic in Sz and satisfy the condition (2). 
By Harnack inequalities (in balls inscribed in a cone) (2) is equivalent to 
A-limg = 0 p.p. on asz. 
Let g* be the Kelvin transform (in B*) of g via inversion of center 
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J = (O,..., 0, -1) and of radius 1. The function g* is nonnegative and 
harmonic in B* and satisfies 
N-limg* = 0 p.p. on aB*\{Jj 
and hence p.p. on aB*. By Theorem 2 (with A = B*) g* is singular and, by 
Lemma 1, g is singular in Q. (The Dirichlet regularity condition is certainly 
satisfied for 52 and B*, and for all B(J, r) and B(J, p).) 
8. We now give the proof of Theorem 3 in the case A = w. Let h 
satisfy the hypotheses of Theorem 3. In a first step we shall prove that 
lim h = 0 everywhere on au. (5) 
To complete the proof it will then remain to prove 
LEMMA 4. If h is nonnegative, bounded and harmonic in w and (5) holds, 
then h = 0. 
To prove (5), it is enough to prove that 
ljmoh(P) = 0. 
-f (6) 
Let E be an “interior of discus” given by 
E = {P: dist(P, B) < 61, p = {(x1 )...) X,-l, 3): Xl2 t *** + xl-1 < 11. 
Note that E is a D, i.e., a bounded domain whose boundary is a surface of 
bounded curvature. Also 
aE=FvG; F=aEn&, G= aE\aw =w~ aE 
and F itself, which is formed of two (n - 1)-dimensional closed unit balls, can 
be written as 
F =F’uF*, F* = {(x1 ,..., x,): x12 + -** + x”,-, = 1, x, = 0 or I} 
Let y be the function on aE equal to 0 on F and to h on G. Using the notations 
of Brelot [4, Chap. 8, Sect. 11, we see that in E 
hg@v, OEYv, O<&,(f7,<h. 
Also y is lower semicontinuous on aE and hence [4, Chap. 8, Sect. 41 the 
solution H,, of the Dirichlet problem in E with boundary function y exists 
(since then & = i!& = finite). 
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Next we note that E is Dirichlet regular and y is bounded and hence H, 
tends to y at all points of continuity of y i.e., except on F* which is of surface- 
area measure zero. It follows that h - H, satisfies all hypotheses of Theorem 3 
in E, hence h = H,, and consequently (6) holds since it holds for H, . 
To prove Lemma 4 we consider the subharmonic function s in R” equal 
to h in w and to 0 elsewhere. At a point P E w we write the volume mean- 
value inequality for any radius Y and noting that h is bounded we get, as 
r--f co, h(P) = s(P) = 0, as required. This completes the proof of Lemma 4 
and hence of Theorem 3. 
9. To prove Theorem 4 we again distinguish three cases. To deal 
with the case d = D it is enough to note that, in Theorem C (with g replacing 
h), if we had g # 0 p.p. on aD then u > 0 in D and hence g would not be 
singular since otherwise u, which is quasi-bounded (since u is the limit of 
the integrals of min(pg, m)), would also be singular by (Section 2, (ii)) and 
hence would vanish by (Section 2, (iii)). 
Now suppose that g is singular in Q. Then, using the notations of Section 7, 
g* is singular in B* (by Lemma 1) hence the angular limit of g* equals 0 
p.p. on aB*. The result follows after returning to g. 
Finally let g be a singular function in w. To prove Theorem 4 in this case 
it is enough to prove the angular limit property in a fixed neighborhood of 
every point on aw, hence we may work in B(0, 1) n aw which is in F” (cf. 
Sect. 8). Using the notations of Section 8, let y be the function on aE equal to 
0 on F and tog on G. The existence of the harmonic function H,, follows from 
the same arguments. 
To obtain that H,, tends to y at all points of continuity of y (we cannot use 
Section 8 since g, hence y, is not necessarily bounded) we proceed as follows. 
Let P E aE\F* (so that y is real continuous at P), let B(P, Y) be small enough 
not to intersect F* and 
(aE), = aE n B(P, r), (aE), = BE\B(P, r). 
The function y is the sum of two functions yr and yz with yz (; = 1, 2) equal 
to y on (aE)i and to 0 elsewhere. Both functions are resolutive and we have 
in E. Since y1 is bounded and E is Dirichlet regular HJM) + y,(P) = y(P) 
as M-+ P. It remains to show that H,%(M) -+ 0 as M -+ P. For this let H, 
be the Dirichlet solution corresponding to the boundary function min(y, , m), 
where m = 1, 2,.... We have 
OGffH,< a+. < H, < *.- < Hy, < co, lim H, = H,,, , m+m 
l& H,,(M) = 0 (Qe(aE),,m = I,2 ,... ). 
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Now we restrict ourselves to the domain U = En B(P, 4~). The simple 
choice of E allows us to check easily that E and (aE), satisfy the hypotheses of 
Brelot’s Lemma 4 in [3, p. 2171 and hence, since u is a compact subset of 
E ” (a-& > we get that given a point, A, say, in E there exists a constant K 
such that 
f&&W < =L(A) < =yI(4 (ME u, 111 = 1, 2 ,... ). 
If now we restrict the Dirichlet problem to U (cf. Brelot [4, Chap. 8, Sect. 3, 
properties (S), (e)]) we get that H,,, is the Dirichlet solution corresponding 
to the function equal to 0 on aU n aE and to H,,, on E n au. This boundary 
function is bounded since the H, are uniformly bounded and converge to 
H,,, on E n aU. Once the boundedness is secured, we get that Hy2(M) + 0 
as M-t P. 
To prove the angular limit property for g on B(0, 1) n &J it is enough to 
show that the function u = g - H, is singular in E since then, by the first 
case of Theorem 4 with d = E, the angular limit of u equals 0 p.p. on aE, 
and H, has limit 0 on B(0, 1) n au. First note that u is harmonic and u > 0 
(since g E QY). Using (Section 2, (iv)) and the definition of ue , we take a 
nonnegative, bounded harmonic function v < u in E. It remains to show that 
v = 0. Let s be the function in w equal to v in E and to 0 in w\E. From 
O<v<u=g-Hy, ~$tW) =g(Q) (Q 6 w n a-0 
we deduce that s is continuous on w n aE. It follows easily that s is sub- 
harmonic in w. Since v is bounded, so is s and so is 9, the least harmonic 
majorant of s in W. Since v < g in E, s < g in w and hence a < g. This last 
result shows, by (Sect. 2, (ii)), that S is singular and by (Sect. 2, (iii)) i = 0. 
Thus s = 0, hence v = 0, as required. This completes the proof of 
Theorem 4. 
10. Theorem 5 follows easily from Theorem 4. In fact, since 
mW, 1) GfW/f(l) (.r: 3 O), 
the function min(h, 1) is a nonnegative superharmonic function majorised by 
a potential, namely f(h)/f(l), and hence is a potential. By (Sect. 2, (iv)) h is 
singular in A. 
11. Here we give a simple proof of the following (slight) generaliza- 
tion of a result of Brawn [2, Theorem 91. 
THEOREM 6. If s is subharmonic in W, lim sup s(P) < 0 as P tends to 
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each point of &J from inside w and, for one of the functions 4, q5-l(s+) has a 
harmonic majorant in w then s < 0 in w. 
First note that it suffices to work with s > 0 (and consequently with 
lim s(P) = 0) since s < 0 means s+ = 0. 
Suppose now that s >, 0, s -+ 0 on &I and +-l(s) (which is subharmonic in 
0) has a harmonic majorant h in w. Then, since s < 4(h) and 4(h) is super- 
harmonic in w, the least harmonic majorant H of s satisfies +-l(H) < h. 
By (Sect. 2, (vii)) we obtain that His quasi-bounded in w. By Lemma 3, s is 
the limit of an increasing sequence (s,,J of nonnegative bounded subharmonic 
functions in W. Also each s, + 0 on au. Let S, be the subharmonic function 
in R” equal to s, in w and to 0 in Rn\ w. The argument in the last paragraph 
of Section 8 yields s, = 0 and hence s = 0, as required. 
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